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F R I C T I O N  
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We study the s e l f - s i m i l a r  p rob lem concerning the motion of a spher i ca l  piston in a medium 
with "dry"  f r ic t ion.  The piston moves  with constant  veloci ty  in a nonideal med ium.  

1. We cons ider  a spher i ca l  piston which begins its motion f rom the coordinate  origin,  moving with 
constant  speed in a medium with the equation of s tate  

--'I3 3(a ~ + 2 ~  e) = K ( p / P o - - 1 ) v ,  ~ > 1 ,  p > p o  
a r q - 2 a  ~ = 0 ,  P ~ P o  

1/, (at __ a0) = up, n < 0 (1 .1)  

Here a r  and cr 0 a re ,  r e spec t ive ly ,  the rad ia l  and azimuthal  s t r e s s e s ,  p is the p r e s s u r e ,  p and P0 
are  densi t ies ,  K is the volume c o m p r e s s i o n  coeff icient ,  ~ is the coeff icient  of d ry  fr ict ion,  and Up is the 
speed of the pis ton.  

S imi la r  equations of s ta te  were  cons ide red  in [1, 2]. 

The equations of motion have the fo rm 

Ou Ou i Oar 2 (a r -  ~0) 

Ot ~- u ~ -~ P Or ~- pr 

Op _~ U Op Ou 2up 
0-7- T T + O T 7  + r = 0  

The init ial  and boundary conditions for Eqs .  (1.1) and (1.2) have the fo rm 

(1.2) 

u = p  = 0 ,  P =P0 for  t = 0 ,  r > / 0  
u = u p  for r = u p t  

u--~O, p -+O,  9-~Po for  r--~co 

Dimensional  analysis  [3] shows that  the p rob lem is s e l f - s i m i l a r .  We introduce the d imens ion less  
quanti t ies 

Po U = u ( 

P : p . K  -1, R =pp0 -1, cr = 4 •  ( 1 - -  4/.~• 

In these  va r i ab l e s  the s y s t e m  (1 2) a s s u m e s  the fo rm 

dU { U l \ = I dR a P 

d~ -U -~-U § 2" -~  - = 0  
P = (R -- l)~ 

We solve the s y s t e m  (1.3) for  the de r iva t ives  wherein  we use the th i rd  of the re la t ions  (1.3) 

(1.3) 
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dg._..f..: = ~ - 1  T-lo: ( U  - -  ~) p l / , t  ( p l / V  + 1)-i + 2U 
d E  ,;-1 ( U  - -  )~)~ p l l v - 1  __ 1 

d__PP = __  ~L_ x 2U" ( U  - -  ~,) (p1/~t _~_ t) 4- ~zP 
dE T -i (U - -  ~.)~ p 1 H - 1  __ i 

(1.4) 

The boundary  condi t ions  for  equat ions  (1.4) have the f o r m  

Po It/:) U = X  for  k = u  v ( I - -%•  

U - + 0 ,  P - ~ 0  fo r  ~ - + o o .  

2.  Taking equa t ions  (1.1) into account ,  we can wr i te  the condi t ions  at a s t rong  d iscont inu i ty  [4] in the 
for  m 

(P~!~ + 1) (U~ --  ~) =t/p~/~, ~• t'/t'U2 --  ~) (2.1) 

Pl --  (Px x/~ + 1) UI (~ - -  U~) = P2 --  (p~/.t + 1) U~ (~ --  U2) 

If the f ron t  of  the shock  wave p ropaga t e s  th rough  a qu iescen t  med ium,  we have 132 = 0, U 2 = 0 and the 
condi t ions  at the d i scont inu i ty  a s sume  the f o r m  

(p~/~ + 1) (u~ ~) = - x ,  - ,?~:~ - -  ~ - ~  1 + I )  U I ( ~ - - U O  = 0  

A degene ra t e  s t r o n g  d i scont inu i ty  (Pi - -  O, U l - -  O) yields a value of X c c o r r e s p o n d i n g  to the p r o p a g a -  
t ion speed  of a weak  d i scont inu i ty .  Some ca lcu la t ions  show that  

y > t ,  ;~ = 0 ;  7 = t ,  ) ,~=1 

E l imina t ing  Pl f r o m  equat ions  (2.1), we obtain a cu rve  in the ~U plane .  It is not  diff icult  to show that  
this cu rve  l ies  below the " ini t ia l  data"  l ine,  i .e . ,  the line X = U. Indeed,  f r o m  the f i r s t  of the r e l a t ions  (2.1) 
i t  is ev ident  tha t  for  k > 0, Pi  > 0, we have U i < A.  

t ions 
The s ingu la r  points  of the s y s t e m  of equat ions  (1.4) a re  d e t e r m i n e d  by  the s y s t e m  of a lgebra ic  equa-  

L e t X  = 0 .  Then 

[ ( U  - -  ~)2 p , / ~ - l y - 1  _ t l  = 0 

T-kz (U - -  ~) pl/-t (p~/.~, + t)-1 + 2U = 0 
2 U ( U - - ~ ) ( P V ' t  + t )  + a P  = 0  

~ i a U p i / ~  (P'/~ + 1) -~ + 2U = 0, 2U ~ (P'/~ + 1) + aP  = 0 

I f U  = 0 ,  t h e n P  = 0 .  I f U ~  0, w e h a v e  

(2.2) 

y-laP1~ ~ = - -  2 (P'/~ -y i), P~/~ = --  2 (y-l~x + 2) -1 (2.3) 

U = ~ ~-':. (2.4) 

F o r  s o m e  va lues  of a and y ,  E q s .  (2.3) and (2.4) define r e a l  s ingu la r  po in t s .  

A s s u m e  that  X ~ 0. In this case ,  mul t ip lying the second  of equat ions  (2.2) by (U - X) and us ing the 
f i r s t  equat ion,  we find that  the th i rd  equation is a consequence  of the f i r s t  two. Thus ,  in this c a s e  the 
s ingu la r  points  a re  d e t e r m i n e d  by the s y s t e m  of equat ions  

~-1 (U --  ~)~p,/~-i _ i = 0, 2U (U - -  ~) (pv~ + i) + ~p  = 0 (2.5) 

and f o r m  a s ingu la r  c u r v e .  

The s ingu la r  points  (0,0,0) ,(0,  •  + 2)-1] 1/~(Y-I), [ - 2 ( a y  -1 + 2)-1] ~) lie outside the reg ion  
of flow and have an inf luence only on the loca t ion  of the in tegra l  c u r v e s  in the XUP space ;  no s ingle  t r a -  
j e c t o r y  (except  for  the t r a j e c t o r y  c o r r e s p o n d i n g  to the equ i l i b r ium state) p a s s e s  th rough  these  poin ts .  

Cons ide r  now the behav io r  of the " s ingu la r "  cu rve .  F r o m  equat ions  (2.5) it fol lows that  the r e l a t ion  

(2.6) 
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ff 

F i g .  1 

Z 

is  s a t i s f i e d  on the s i n g u l a r  c u r v e .  

F r o m  equa t ions  (2.1) we f ind,  a f t e r  s o m e  s i m p l e  m a n i p u l a -  

t i o n s ,  t ha t  on the shock  wave  

(~, _ U ) 2  = p ( ~ - l ) / Y ( p l / ~  _[_ 1)~1 

~ t r a j e c t o r y  s t a r t i n g  at  the l ine  U - h = 0 does  not  i n t e r s e c t  
the  s i n g u l a r  c u r v e  b e f o r e  i t  i n t e r s e c t s  the  s t r o n g  d i s c o n t i n u i t y  
c u r v e .  Indeed ,  l e t  P0 be the  i n i t i a l  p r e s s u r e .  By v i r t u e  of  the  
e q u a t i o n s  (1.4),  

~P / n  > 0  

L e t  us  c a l c u l a t e  the  v a l u e  of the  r i g h t  s ide  of Eq .  (2.6) fo r  

Th i s  va lue  i s  e q u a l  to  

(~, __ U)~ = p(~-~)/ -~(pl /~ q_ i)-~ 

,'1-~'/(1-Y)p (pl/'~ _~ l)2Y /(1-'~) 

Since  y > 1, th i s  va lue  i s  l e s s  than P ,  i . e . ,  Eq .  (2.6) canno t  be s a t i s f i e d  at  any po in t  of a t r a j e c t o r y  
p r e c e d i n g  the s h o c k  w a v e .  

In F i g .  1 we d i s p l a y  the " i n i t i a l  d a t a "  l ine  1, the s h o c k  wave  2, the s i n g u l a r  c u r v e  3, and s e v e r a l  c h a r -  
a c t e r i s t i c  t r a j e c t o r i e s  wi th  7 = 1: the s e p a r a t r i x  4, a con t inuous  so lu t i on  5, and the s o l u t i o n  wi th  the shock  
wave  6. I t  i s  c l e a r  t ha t  a con t inuous  f low r e g i o n  is  i m p o s s i b l e  With 7 > 1. H o w e v e r ,  wi th  7 = 1 t h e r e  is  a 
p o s s i b i l i t y  of such  a f low,  t r a j e c t o r i e s  of which  w e r e  u n c o v e r e d  by  n u m e r i c a l l y  so lv ing  E q .  (1.4).  We d i s -  
c u s s  the n u m e r i c a l  r e s u l t s  in S e c .  4.  F r o m  now on we c o n s i d e r  the  c a s e  y = 1. 

3.  F o r  T = 1, equa t i ons  (1.4) a s s u m e  the f o r m  

dU/d~, = [ a ( V  - -  ~,)P (P  - f  t) -1 4- 2UI~,[(U - -  ~ ) 2  t] (3,1) 

dP/d~  = -- [2Y(Y - -  ~)(P q- t) + aPIM(U - -  ~)~-- t1 

The  s i n g u l a r  c u r v e  is  d e t e r m i n e d  as  the so lu t i on  of the s y s t e m  

( U - - ~ ) ~  = t ,  2 u ( u - - ~ ) ( P  + l )  + ~ p  = 0  

In the XU p lane  the s i n g u l a r  c u r v e  b r e a k s  up into two l i n e s  of which  the l ine  U = ~ - 1 is  of i n t e r e s t .  
On th i s  l ine  on ly  the s t a t e  

= t ,  U = 0 ,  P = 0  

i s  p h y s i c a l l y  r e a l i z a b l e .  At  o t h e r  po in t s  P < 0. Thus  the po in t  (1, 0, 0) is  a s i n g u l a r  po in t  t h rough  which  a 
t r a j e c t o r y  can  p a s s .  We note  tha t  th i s  po in t  c o r r e s p o n d s  to a w e a k  d i s c o n t i n u i t y ;  a t  t h i s  po in t  we can 
" s p l i c e  t o g e t h e r "  a q u i e s c e n t  r e g i o n  and a p e r t u r b e d  r e g i o n .  

We e x a m i n e  the b e h a v i o r  of the i n t e g r a l  c u r v e s  in a n e i g h b o r h o o d  of the  s i n g u l a r  po in t .  In a c c o r d  
wi th  [5], i n s t e a d  of  the  s y s t e m  (3.1), we c o n s i d e r  the  s y s t e m  

dU/d~ = a ( U  - -  )~) P (P  -[- 1) -1 + 2U 

dP/d-~ = - - 2 U  ( U  - -  ~) (P  + 1) - -  a P  (3.2) 

d~,/d'~ = )~ [(U - -  %)2 __ 1] 

and we e x p a n d  the so lu t i on  in a s e r i e s  in a n e i g h b o r h o o d  of  the  poin t  (1, 0, 0). The  l i n e a r i z e d  s y s t e m  h a s  
the f o r m  

d5 dU _ a P + 2 U ,  dR = 2 U - - a p ,  - - = - - 2 U + 2 6  (3.3) 
d'~ dT d'~ 

Here  5 = k - 1. The c h a r a c t e r i s t i c  n u m b e r s  of the s y s t e m  (3.3), w r i t t e n  in i n c r e a s i n g  o r d e r ,  a r e  the 
t h r e e  n u m b e r s  - 0 ,  2, 2 - a .  To e a c h  c h a r a c t e r i s t i c  n u m b e r  t h e r e  c o r r e s p o n d s  a s o l u t i o n  of the s y s t e m  
(3.3).  T h e s e  s o l u t i o n s  a r e  e a s y  to  ob ta in ;  in v e c t o r  f o r m  they  a r e  
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Y1 = (i ,  2 / a, i),  Y2 = (0, 0, e~), Y3 = ( e(2-~)*', e(2-a)~', 2x-le(~-~)~) 

The g e n e r a l  so lu t i on  of the s y s t e m  (3.3) m a y  be r e p r e s e n t e d  in the f o r m  

Y = C 1Y  x + C2Y2 + C3Y3 

I n t e g r a l  c u r v e s  c o m e  into the po in t  ~ = 1, U = O, 1 ) = 0 only fo r  C I = O. Thus ,  in a ne ighbo rhood  of 
the s i n g u l a r  po in t ,  i n t e g r a l  c u r v e s  which  can  c o r r e s p o n d  to a mot ion  have  the f o r m  

U = Cae( 2-~)~', P = C3e( ~-~)~, 6 = C2e 2~ + Ca2~;-ae( ~-~)" 

T r a j e c t o r i e s  e n t e r  the  s i n g u l a r  po in t  fo r  7 - -  oo. I t  i s  e v ide n t  t ha t  U = 1 ) in the  n e i g h b o r h o o d  of the 
s i n g u l a r  po in t ,  i . e . ,  the l ine  U = P i s  a s e p a r a t r i x  in the UP p l ane .  We f ind the de pe nde nc e  of U on ~ .  We 
have  (2 - a )T  = ln (U/C3)  , then 

E - -  1 = C~ (U  / C3) 2 / (~-~) + 2~ -1U,  

dE / d U  = C2 (U / Ca) ~/(3-6) Ca-1 + 2~-1 

S ince  a < 0, then  fo r  C 2 r 0, U ~ 0, d ~ / d U  ~ co, and a l l  the i n t e g r a l  c u r v e s  a r e  t angen t  to the l ine  
U = 0. If C 2 = 0, then  X = 1 + 2(~-tU, and th is  equa t ion  d e t e r m i n e s  the d i r e c t i o n  ( second  s epa ra tT ix )  a long 
which  a s i ng l e  t r a j e c t o r y  c o m e s  into the po in t  (1, 0, 0). 

Thus ,  if  a con t inuous  flow r e g i m e  is  r e a l i z e d ,  the flow a l m o s t  a lways  t a k e s  p l a c e  wi thout  a weak  d i s -  

c o n t i n u i t y .  

A c t u a l l y ,  s i n c e  a l m o s t  a l l  ( excep t  fo r  one) of the t r a j e c t o r i e s  c o m e  into the po in t  (1, 0, 0) wi th  z e r o  
s lope  ( d U / d ~  = 0), t hey  jo in  wi th  the z e r o  so lu t ion  with  no d i s c o n t i n u i t y  in the f i r s t  d e r i v a t i v e  of the s p e e d ;  
t h e r e  is  no d i s c o n t i n u i t y  in diD/d~ s i n c e  

dP dP dU 
lira -~ -  = lim 70- ~ = 0 

).~ I--0 

4. In the numerical calculations we first constructed a solution, for various values of ~, which comes 

into the point (1, 0, 0) with a zero slope. The point of intersection of the integral curve with the initial data 

line determines the value of the piston speed Up* separating two essentially distinct flow regimes: one with 

a shock wave and one without. It is clear that as (~ increases (i.e., as the coefficient ~ of dry friction in- 

creases) the value of Up* increases and approaches a limiting value. 

In the second stage of our calculations we determined, for various values of (~, how the pressure on 

the piston varied with its speed. For a value of c~ = -1.75 we found the following dependence: 

U p  0.25 0.53 0.56 0.75 i.06 
Pp 0.23 0.58 0.62 0.92 1.20 

In the t h i r d  s t a g e ,  for  ~ = - 1 . 7 5  we d e t e r m i n e d  how the s p e e d  of the p e r t u r b a t i o n  f ron t  v a r i e d  wi th  

the p i s t on  s p e e d :  

Up 0.25 0.53 0.56 0.79 1.06 1.18 
U t 1 t t 1.1 t .3 t .4 

Thus  we e s t a b l i s h e d  tha t  fo r  a g iven  f r e e - f l o w i n g  m e d i u m  t h e r e  i s ,  fo r  s m a l l  p i s t o n  s p e e d s ,  a c o n -  
r  f low wi thou t  w e a k  d i s c o n t i n u i t i e s ;  at  s o m e  s p e e d  a weak  d i s c o n t i n u i t y  o c c u r s ;  as  the s p e e d  i n c r e a s e s  
f u r t h e r  a shock  wave  r e s u l t s .  

We no te ,  in c o n c l u s i o n ,  tha t  a s i m i l a r  p r o b l e m  was  c o n s i d e r e d  in [2] w h e r e i n  the m e d i u m  was  a s s u m e d  
to be  i n c o m p r e s s i b l e ;  an ana logous  p r o b l e m  in the p l a n a r  c a s e  was  s o l v e d  in [6]. 

D i f f i c u l t i e s  in s t udy ing  the s y s t e m  of equa t i ons  (3.1) d id  not  p e r m i t  an a n a l y t i c a l  s tudy  of the s t a b i l i t y  
and u n i q u e n e s s  of the s o l u t i o n s  of th i s  s y s t e m  to be m a d e ;  h o w e v e r ,  the r e s u l t s  of a n u m e r i c a l  s tudy ,  c a r -  
r i e d  out  in connec t i on  wi th  a p r o g r a m  p r e s e n t e d  in a r e p o r t  to the F i r s t  A l l - U n i o n  S e m i n a r  o~ the T h e o r y  
of  Mode l s  of Con t inuum M e c h a n i c s  [7], c o n f i r m e d ,  wi th  good a c c u r a c y ,  the r e s u l t s  ob t a ined  in an a p p r o x i -  
m a t e  so lu t i on  of the  s y s t e m  (3.1).  

The au tho r s  thanks  T .  F .  K r y u k o v  fo r  p e r f o r m i n g  the m a j o r  p a r t  of the c a l c u l a t i o n s .  
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